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Abstract
Using the Kubo formalism, the magnetic properties of the system in the
linear regime have been investigated. Mainly the effect of non-magnetic sub-
strate on the spin susceptibility is calculated. Results show that the Rashba
coupling interaction has a central role in the magnetic response function of
the system and it is really remarkable since this type of spin orbit coupling
can be effectively controlled by an external gate voltage. Most importantly it
was shown that, in the presence of the Rashba interaction a magnetic phase
transition could be observed. This magnetic phase corresponds to a magnetic
order of conduction electrons that takes place at some especial frequency of
external magnetic field.
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1. Introduction
One of the most fascinating discoveries in condensed matter physics is
graphene. The nature of the unusual quantum Hall effect and the quasi rel-
ativistic energy spectrum of Dirac fermions in graphene has attracted more
and more attention.
Graphene is a single layer of a hexagonal lattice of carbon atoms. Crystal
structure of the honeycomb lattice of graphene contains two different sub-
lattices1,2,3. Graphene can be accumulated in the 0D fullerene, the rolling
1D nanotubes, put together, it is converted to graphite1. Graphene, due to
its structure has many unique features. It has been proved that graphene
is the strongest material ever measured. Hexagonal unit cell of graphene
has two carbon atoms and it is a cross-sectional area equal to 0.052 square
nanometers. Graphene is almost fully transparent only 3.2 percent of the
light is absorbed by the optical domain. This number indicates that sus-
pended graphene does not have any color.
Among the interesting physical properties of the mono-layer graphene, spin-
dependent characteristics of the graphene has attracted tremendous attention
due to its peculiar physical properties and huge potential in spin-dependent
device applications. Spin is the unique inner degree of freedom of the elec-
tron. Employing the spin of electron in electronic and optoelectronic devices
could propose new features. This could be considered as the ambitious goal
of spintronics. It is included concepts exciting and challenging, but also is
sometimes questionable. Non-equilibrium spin-injection and control skills of
polarization in a given system, have a fundamental role in the modern trend
of semiconductor spintronics. spin-orbit coupling based on both objective is
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to achieve. Electrical spin injection and manipulating spin polarization could
be achieved by Rashba coupling based technologies.
This kind of spin-orbit interaction arises due to the lack of structural inver-
sion symmetry4. The importance of this mechanism lies in the fact that the
asymmetry of the confining potential can be changed by electrostatic meth-
ods5. The Rashba spin-orbit interaction can be changed by an external gate
voltage. The Rashba interaction removes the spin degeneracy of conduction
band even in the absence of an external magnetic field.
Graphene could display a prominent role in the filed of spintronics. This is
due to the fact that the Rashba coupling strength could be relatively high
in graphene. The Rashba interaction strength can be increased up to 200
meV . This can be realized by direct growth of graphene on a ferromagnetic
substrate using the catalyzed methods6,9. It should be noted that isolated
graphene cannot be obtained by the known synthesis processes and it should
be placed on a substrate. Therefore the Rashba coupling in graphene could
also be induced by this substrate. The Rashba spin-orbit interaction can be
adjusted by the gate voltage and the type of substrate. The effect of the
displacement and dispersion caused by the Rashba coupling is expected. In
particular, the Rashba spin-orbit interaction, results in a energy gap at Dirac
points and gives a limited mass to the carriers in the graphene sheet6. As
long as the Rashba interaction is stronger than the intrinsic spin-orbit inter-
action, energy bands near the Dirac points of the Brillouin zone will show
trigonal warping7.
Susceptibility using the free electron model to the electric field induced by the
spin density is described8,10. Meanwhile the Rashba coupling plays a major
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role in spin susceptibility of the free electron system. Then the spin current
of the system could be obtained by using the continuity equation for spin
density. In the current work spin susceptibility of the mono-layer graphene
has been obtained in the presence of the Rashba spin-orbit coupling. Regard-
ing the high magnitude of the Rashba coupling strength in graphene and its
linear dispersion relation. Spin susceptibility of the mono-layer graphene
could be quite different from that of obtained for two-dimensional electron
gas system.
2. Model
It should be noticed that the general form of the effective Hamiltonian of
graphene at Dirac point approximation in the presence of Rashba coupling
is such as:
H = γ(σxξzkx + σyky) +
1
2
λ(σxsy − σyξzsx) (1)
where γ = ~vf and vf ≃ 106m/s Fermi velocity of graphene, σ is the Pauli
matrix of pseudospin and s is the spin operator. In addition λ is the Rashba
coupling strength and ξz = ±1 defines the K and K ′ Dirac points respec-
tively. It was also assumed that ~/2 is the unit of the spin.
Hamiltonian of the mono-layer graphene in the presence of the Rashba spin-
orbit coupling at the K point, can be obtained in the four-component spinor
Ψ basis, as follows:
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H =


0 0 γk− 0
0 0 iλ γk−
γk+ −iλ 0 0
0 γk+ 0 0


Ψ =


a†k↑
a†k↓
b†k↑
b†k↓


(2)
Note that k± = kx ± iky, a†ks and b†ks are creation operators of an electron
with given spin, s, in A and B sublattices respectively. In the other word
the on-site spin-dependent Bloch functions (|ψak〉 ⊗ |s〉 and |ψbk〉 ⊗ |s〉) have
been chosen as a representation basis.
The eigenvalues of K-point Hamiltonian can be obtained as:
Eνµ =
νµ
2
(
√
λ2 + 4γ2k2 − µλ) (3)
=
νµ
2
(Λk − µλ) (4)
In which in the above expression ν, µ = ±1 and normalized eigenvectors are
as follows:
|νµ > = Bk


µ ik−
k+
−νλ−νµΛk
2γk+
−i(λ−Λk)
2γk+
1


; (5)
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for ν = ±, µ = +1 and
|νµ > = Ak


µ ik−
k+
−νλ−νµΛk
2γk+
−i(λ+Λk)
2γk+
1


(6)
for ν = ±, µ = −1, where Ak = γk√
Λ2
k
+λΛk
Bk =
γk√
Λ2
k
−λΛk
Λk =
√
λ2 + 4γ2k.
The spin susceptibility of the mon-olayer graphene via the linear response
formalism kubo is calculated as follows10:
χµµ′(ω) =
i
~
∫
dtei(ω+iη) < [sµ(t), sµ′(0)] > µ, µ
′ = x, y (7)
< [sµ(t), sµ′(0)] > =
∫ ∑
λ
kdkdθ
e
ελ(k)−µ
kBT + 1
< λ|[sµ(t), sµ′(0)]|λ > (8)
In the above equation< ... >=
∑
λ
∫
d2kf(ελ(k))< ... > represents the ther-
mal average. where k Fermi wave vector, f(ελ(k)) Fermi distribution func-
tion, ω Frequency, kB Boltzmann constant,T Temperature and η → 0+. Ac-
cording to the Heisenberg picture si(t) = e
iHt
~ s(0)ie
−iHt
~ , < νµ|[si(t), sj(0)]|νµ >
is obtained:
< νµ|[si(t), sj(0)]|νµ > =
∑
ν′µ′
2i× Im[e
i(Eνµ−Eν′µ′
)t
~
× < νµ|si(0)|ν ′µ′ >< ν ′µ′|sj(0)|νµ >]. (9)
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Where the matrix elements of sx and sy on the basis of |νµ > is given as:
sx =


Ck(λ− Λk) Dkλ 0 −FkΛk
Dkλ Gk(λ+ Λk) FkΛk 0
0 −FkΛk Ck(λ− Λk) Dkλ
FkΛk 0 Dkλ Gk(λ+ Λk)


, (10)
In which Ck =
−B2
k
γk2
(2ky) , Dk =
−AkBk
γk2
(2ky), Fk =
AkBk
γk2
(2ikx) ,
Gk =
−A2
k
γk2
(2ky)
sy =


C
′
k(λ− Λk) D
′
kλ 0 −F
′
kΛk
D
′
kλ G
′
k(λ+ Λk) F
′
kλ 0
0 −F ′kΛk C ′k(λ− Λk) D′kλ
F
′
kλ 0 D
′
kλ G
′
k(λ+ Λk)


, (11)
and similarly C
′
k =
B2
k
γk2
(2kx) , D
′
k =
AkBk
γk2
(2kx) , F
′
k =
AkBk
γk2
(2iky),
7
G
′
k =
A2
k
γk2
(2kx).
Using the following relation:
1
x− iε = Pr
1
x
+ ipiδ(x) (12)
Then the contribution of the K-point electrons on spin susceptibility, χxx, is
given by:
χxx(ω) =
(∑
µν
∫ ∞
0
kdk
2piλ2ν
e[
1
2
(−νλ+µνΛk)−µch]/KBT + 1
[ 1
Λk
Pr
1
Λ2k − (~ω)2
])
−2pi λ
λ2 − (~ω)2
{1
3
(
piKBT
γ
)
2
+
4µ
γ2
(µch +KBT ln(e
−
µch
KBT + 1))
}
+i
pi2
4γ2~ω
(∑
µν
λ2ν
e[
1
2
(−νλ+µν×~ω)−µch ]/KBT + 1
)
. (13)
Where µch is the chemical potential of the system.
Finally, both real (χµµ′) and imaginary (χ
′′
µµ′) parts of spin susceptibility, can
be obtained from the above expression.
The calculations shows that circular symmetry around the Dirac points re-
sults in χxx = χyy and χxy = χyx = 0
Similarly the K
′
point Hamiltonian reads:
H =


0 0 −γk+ −iλ
0 0 0 −γk+
−γk− 0 0 0
iλ −γk− 0 0


, (14)
The same eigenvalues are obtained for both of the Dirac points K and K
′
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while the eigenvectors are given by,
|νµ > = Bk


i(λ−Λk)
2γk+
1
ν ik−
k+
νλ−νµΛk
2γk+


; (15)
for ν = ±, µ = +1, and
|νµ > = Ak


i(λ+Λk)
2γk+
1
ν ik−
k+
νλ−νµΛk
2γk+


(16)
for ν = ±, µ = −1.
In this case, sx and sy on the basis of new |νµ > K ′ states are obtained as
follows:
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sx =


−Ck(λ− Λk) −Dkλ 0 FkΛk
−Dkλ −Gk(λ+ Λk) −FkΛk 0
0 FkΛk −Ck(λ− Λk) −Dkλ
−FkΛk 0 −Dkλ −Gk(λ+ Λk)


,
(17)
and
sy =


−C ′k(λ− Λk) −D
′
kλ 0 F
′
kΛk
−D′kλ −G
′
k(λ+ Λk) −F
′
kλ 0
0 F
′
kΛk −C
′
k(λ− Λk) −D
′
kλ
−F ′kλ 0 −D′kλ −G′k(λ+ Λk)


.
(18)
We have performed the same calculations for spin susceptibility using the K
′
representation of the spin operators where results show that the contribution
of the both Dirac points in the spin susceptibility is the same at the level of
the linear response regime.
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3. Results and discussion
For numerical calculations, the system parameters have been chosen as
follows: n = 4 × 1016 m−2 is a typical density of electrons and holes in
monolayer graphene11, kf = 3.54 × 108m−1 is the wave vector at Fermi
level, and KBT = 0.025 eV describes the room temperature for the present
calculations. Meanwhile the response function has been obtained for a ex-
perimentally available range of the Rashba coupling strength which has been
reported up to 0.2 eV.
Results of the present work have been summarized in the figures Fig. 1-Fig.
5. Imaginary part of spin susceptibility has been depicted as a function of the
frequency of the external field at different Rashba couplings as it was shown
in figures Fig. 1-Fig. 2. Imaginary part of this response function measures
the energy absorption of the system. This absorption arises as a result of the
Zeeman coupling of the electron spins with the external magnetic field. As
shown in these figures, increasing the Rashba interaction increases the opti-
cal absorption of the conduction electrons. The Rashba coupling increases
the spin splitting of the band structure.
It should be noted that unlike the two-dimensional electron gas systems, this
type of spin splitting made by the Rashba interaction could be responsible
for a small difference in the population of the spin bands of the carriers in
mono-layer graphene. In the presence of the Rashba interaction the popu-
lation of the spin bands is exactly the same in the two-dimensional electron
gas system. In the other words, in this case, the different spin bands have the
same form with a small displacement (determined by the Rashba coupling
strength) in k-space, each state in one spin band has its counterpart with
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same energy in the opposite spin band. Therefore, a permanent magneti-
zation of the moving spins cannot be generated by the Rashba coupling at
equilibrium. In the mono-layer graphene the energy and therefore the pop-
ulation of the spin bands in the presence of the Rashba coupling are quite
different. However, even in this case with different population of the spin
bands the Rashba coupling cannot be responsible for magnetization of the
carriers. This can be explained by the fact that the magnetization of the con-
duction electrons defined by < Si >= Σk,µνsiµν(k)f(Ekµν) exactly vanishes
since the expectation value of spin operator siµν(k) =< kµν | si | kµν > is
a odd function of k in either of the spin-bands while, the Fermi distribution
function, f(Ekµν), is a even function in k-space. Meanwhile this situation
cannot be hold for out of equilibrium conditions where it was shown that
non-equilibrium spin accumulation can be obtained in the two-dimensional
electron gas12. This case can be realized, for example, in the presence of a
current driving electric field. Accordingly, the magnetization and the filed
absorption of the carriers could be effectively increased by increasing the
Rashba coupling strength as shown in Fig. 1-Fig. 2.
It is interesting to know that the amount of the frequency of maximum ab-
sorption is not significantly effected by the Rashba coupling strength. This
could be expected regarding the fact that the magnitude of the Rashba cou-
pling strength is significantly small in comparison with the hoping energy,
therefore the corresponding change of the spin bands and spin splitting be-
tween the bands are really small. These figures could be considered as the
response of the system to the white field in which the absorption function has
been represented for a wide range of the frequencies. Meanwhile the physical
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details of the response function can be inferred from the susceptibility of the
system in the presence of monochromatic fields. Imaginary part of the spin
susceptibility has been depicted as a function of the Rashba coupling in Fig.
3. As shown in this figure at low frequencies there is single extremum of
the response function, however by increasing the frequency second maximum
will be appeared (Fig. 3). Meanwhile the overall susceptibility increases by
increasing the frequency. This could be understood if we consider that for a
given frequency of the external field increasing the Rashba coupling results
in displacement of spin bands and increasing the spin splitting. Therefore if
the filed energy is high enough, two major and different types of absorption
could be take place between the spin bands regarding the energy conserva-
tion issues in the absorption process.
Singularities of the real response function corresponds to the Rashba cou-
pling induced phase transition to a magnetically ordered carrier spins in
which small magnetic field amplitude at resonance frequency could result
in significant magnetization of carriers. This phase characterizes by sponta-
neous magnetic ordering of conduction electrons (Fig. 4). Response function
has a symmetric form for both x and y directions this can be understood as
a result of the Dirac point approximation in which the anisotropic form of
the energy dispersion relation of high energy states could be neglected at low
energy Dirac points. As was also shown that, increasing the Rashba coupling
strength changes the critical frequency of this magnetic phase transition (Fig.
5).
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4. Conclusion
In this work spin-dependent features of the mono-layer graphene have
been investigated in the presence of the substrate induced Rashba coupling.
The numerical results have been obtained using the Kubo approach. Result
of the current study demonstrates that, in the non-equilibrium regime the
Rashba interaction has a central role in optical absorption and magnetic
phase transition of the conduction spins.
References
[1] A.K. Geim and K.S. Novoselov, Nature Materials 6,183- 191(2007).
[2] A. K. Geim and P. Kim,Scientific American 298 (4), 68-75 (2008)
[3] P.R. Wallace, Phys. Rev. 71, 622 (1947).
[4] C. L. Kane and E. J. Mele, Phys. Rev. Lett.95, 226801 (2005).
[5] Yu A Bychkov and E I Rashba, Yu A Bychkov and E I Rashba, J. Phys.
C17, 6039 (1984).
[6] M. Gmitra, S. Konschuh, C. Ertler, C. Ambrosch-Draxl, J. Fabian,
Band-structure , Phys. Rev.B 80, 235431 (2009).
[7] P. Rakyta,1 A. Kormo´nyos, and J. Cserti , physical review B 82, 113405
(2010).
[8] Sigurdur I. Erlingsson, John Schliemann, and Daniel Loss, ,Phys. Rev.
B 71, 035319 (2005).
14
[9] Emmanuel I. Rashba Phys. Rev. B79, 161409(R) (2009)
[10] Catalina Lo´pez-Bastidas, Jesu´s A. Maytorena, Francisco Mireles Phys.
Stat. Sol. (c), 4,4229 (2007).
[11] Gong Gu,Sarnoff Corporation, Solid State Comm.149,2194(2009).
[12] Zhian Huang and Liangbin Hu, Phys. Rev. B 73, 113312 (2006).
15
Captions of the figures
Fig 1:Imaginary part of the spin susceptibility in terms of ~ω.
Fig 2:Imaginary part of the spin susceptibility in terms of ~ω.
Fig 3:Imaginary part of the spin susceptibility in terms of ~λ.
Fig 4:Real part of the spin susceptibility in terms of ~λ.
Fig 5:Real part of the spin susceptibility in terms of ~ω.
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Figure 1: Imaginary part of the spin susceptibility in terms of ~ω.
17
Figure 2: Imaginary part of the spin susceptibility in terms of ~ω.
Figure 3: Imaginary part of the spin susceptibility in terms of ~λ.
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Figure 4: Real part of the spin susceptibility in terms of ~λ.
Figure 5: Real part of the spin susceptibility in terms of ~ω.
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